SERRE WEIGHTS FOR MOD p HILBERT MODULAR FORMS: 
THE TOTALLY RAMIFIED CASE 



TOBY GEE AND DAVID SAVITT 



Abstract. We study the possible weights of an irreducible 2-dimensional 
modular mod p representation of Gal(F/_F), where F is a totally real field 
which is totally ramified at p, and the representation is tamely ramified at the 
prime above p. In most cases we determine the precise list of possible weights; 
in the remaining cases we determine the possible weights up to a short and 
explicit list of exceptions. 
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1. Introduction 

Let p be a prime number. The study of the possible weights of a mod p modular 
Galois representation was initiated by Serre in his famous paper |Ser87j . This 
proposed a concrete conjecture ("the weight part of Serre's conjecture") relating 
the weights to the restriction of the Galois representation to an inertia subgroup 
at p. This conjecture was resolved (at least for p > 2) by work of Coleman- Voloch, 
Edixhoven and Gross (see |Edi92] ). 

More recently the analogous questions for Hilbert modular forms have been a 
focus of much investigation, beginning with the seminal paper [BDJ08J. Let Fbea 
totally real field with absolute Galois group Gf- Then to any irreducible modular 
representation 

p:G F ^ GL 2 (F p ) 

there is associated a set of weights W(j>), the set of weights in which p is modular 
(see section[2]for the definitions of weights and of what it means for p to be modular 
of a certain weight). Under the assumption that p is unramified in F the paper 
[BDJ08] associated to p a set of weights IU ? (p), and conjectured that W 7 (p) = 
W(~p). Many cases of this conjecture were proved in |Gee06bj . 
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The set W ' (p) depends only on the restrictions of p to inertia subgroups at places 
dividing p. In the case that these restrictions are tamely ramified, the conjecture 
is completely explicit, while in the general case the set depends on some rather 
delicate questions involving extensions of crystalline characters. 

Schein [Sch08a] has proposed a generalisation of the conjecture of [BDJ08] in 
the tame case, removing the restriction that p be unramified in F. Not much is 
currently known about this conjecture; |Sch08aj proves some results towards the 
implication W(ji) C W'(j>), but very little is known about the harder converse 
implication in the case that p is ramified. It is clear that the techniques of |Gee06bj 
will not on their own extend to the general they rely on combinatorial 

results which are false if p ramifies. 

In this paper, we prove most cases of the conjecture of [Sch08a in the case that p 
is totally ramified in F . Our techniques do not depend on the fact that there is 
only a single prime of F above p, and they would extend to the case where every 
prime of F above p has residue field F p (or in combination with the techniques 
of |Gee06b] . to the case where every prime of F above p is either unramified or 
totally ramified). We have restricted to the case that p is totally ramified in order 
to simplify the exposition. 

We assume throughout that p is odd, and that p|g f(c > is irreducible. We make 
a mild additional assumption if p — 5. All of these restrictions are imposed by 
our use of the modularity lifting theorems of |Kis07bj (or rather, by their use in 
|Gee06aj ) . Let (p) = p e in Of, where e = [F : Q]. Under these assumptions, we are 
able to prove that if p\g Fp is irreducible, then W(p) = W'(p). If p\g f is a sum of 
two characters, then we show that W(p) C W ! (p), and that equality holds if e > p. 
If e < p — 1 then we prove that the weights in W' (p) all occur except that we miss 
between zero and four weights; under the extra hypothesis that p has an ordinary 
modular lift, we can usually (but not quite always) treat these exceptions as well. 

We establish that W(jj) C W'(j)) by a computation using Brcuil modules with 
descent data, in the same style as analogous computations in the literature; we 
have to use a few tricks in boundary cases, but these arguments are more or less 
standard. 

For the harder converse, our techniques are roughly a combination of those of 
|Gee06bj and an argument due to Kevin Buzzard, which uses a technique known 
as "weight cycling" . This argument was first written up in section 5 of |Tay06| in 
the case that p splits completely in F. The argument essentially depends only on 
the residue field of primes dividing p, and thus applies equally well in our totally 
ramified setting. It is the use of this argument that entails our restriction to the 
totally ramified case, rather than permitting arbitrary ramification. The idea of 
combining these two approaches is, as far as we know, completely new. 

As in |Gee06bj , the plan is to construct modular lifts of p which are potentially 
Barsotti-Tate of specific type, using the techniques of Khare-Wintenberger, as ex- 
plained in [Gec06a . These techniques reduce the construction of such lifts to the 
purely local problem of exhibiting a single potentially Barsotti-Tate lift of p|c F of 
the appropriate type. In the case that ~p\g f is irreducible, writing down such a 
lift is rather non-trivial; in fact, as far as we are aware, no-one has written down 
such a lift in any case in which e > 1. We accomplish this by means of an explicit 
construction of a corresponding strongly divisible module. 
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The immediate consequence of the existence of these lifts is that p is modular of 
one of two weights, the constituents of a certain principal series representation. In 
|Gee06bj we were able to conclude that only one of these two weights was actually 
possible, but in the totally ramified case p is frequently modular of both of these 
weights, so no such argument is possible. It is at this point that we employ weight 
cycling. Crucially, we can frequently ensure that our lift is non-ordinary, and when 
this holds weight cycling ensures that p is modular of both weights. The cases 
where we cannot guarantee a non-ordinary lift are certain of those for which p|g f 
is reducible and e < p, which is why our results are slightly weaker in this case. 

We note that our methods should also be applicable in the non-tame case, and 
should give similar results, subject to the appropriate local calculations. For explicit 
conjectures in this case ("explicit" in the sense of [BDJ08 , i.e., in terms of certain 
crystalline extensions) see the forthcoming |GS] , 

We now detail the outline of the paper. In section[2]we give our initial definitions 
and notation. In particular, we introduce spaces of algebraic modular forms on 
definite quaternion algebras, and we explain what it means for p to be modular 
of a specific weight. Note that we work throughout with these spaces of forms, 
rather than their analogues for indefinite quaternion algebras as used in |Sch08aj or 
BDJ08 . While our results do not immediately go over to their setting, our proofs 
do; both the results on the existence of Barsotti-Tate lifts of specified type and the 
weight cycling argument are available in that case (for the latter, see |Sch08b| ). 

In section |3] we explain which tame lifts we will need to consider, and the rela- 
tionship between the existence of modular lifts of specified types and the property 
of being modular of a certain weight. This amounts to recalling certain concrete 
instances of the local Langlands correspondence for GL2 and local-global compati- 
bility. All of this material is completely standard. 

We give an exposition of the weight cycling result in section [4j adapted to the 
situation at hand. In particular, we combine weight cycling with the results of 
earlier sections to give a result establishing that p is modular of a particular weight 
provided that it has a modular lift which is potentially Barsotti-Tate of a particular 
type and is non-ordinary. 

Having done this, we now need some concrete results on the existence of (local) 
potential Barsotti-Tate representations of particular type that lift p|g f • We warm 
up for these calculations by establishing (in the tame case) the inclusion W(fi) C 
W'(fi) in section [5l This uses a calculation with Breuil modules. In section [BTTl 
we produce the required lifts in the case that ~p\g Fv IS reducible. This case is 
relatively straightforward, as we are able to use reducible lifts. The irreducible case 
is considerably more challenging, and is completed in sections 16 . 21 and 16 . 31 where we 
explicitly construct the lifts by writing down the corresponding strongly divisible 
modules. 

Finally, in section [7| we combine these results with the lifting techniques of 
|Gee06aj and some combinatorial arguments to prove the main theorems. 

2. Notation and assumptions 

Let p be an odd prime. Fix an algebraic closure Q of Q, an algebraic closure 
Q p of Q p , and an embedding Q «— > Q p . We will consider all finite extensions of Q 
(respectively Q p ) to be contained in Q (respectively Q p ). If K is such an extension, 
we let Gk denote its absolute Galois group Gal(K/K). Let F be a totally real 
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field in which p is totally ramified, say (p) = p e . Choose a uniformiscr 7r p e p. 
Let ~p : Gp — ► GL 2 (F p ) be a continuous Galois representation. Assume from now 
on that p|g f(< > is absolutely irreducible. If p = 5 and the projective image of p 
is isomorphic to PGL 2 (F 5 ), assume further that [-F(Cs) : F] — 4. We normalise 
the isomorphisms of local class field theory so that a uniformiser corresponds to a 
geometric Frobenius element. 

We wish to discuss the Serre weights of p. We choose to work with totally 
definite quaternion algebras. We recall the basic definitions and results that we 
need, adapted to the particular case where F is totally ramified at p. 

Let D be a quaternion algebra with center F which is ramified at all infinite places 
of F and at a set S of finite places, which does not contain p. Fix a maximal order 
Or, of D and for each finite place v £ S fix an isomorphism (Od)v —* M2(Of v ). 
For any finite place v let ir v denote a uniformiser of F v . 

Let U = Y\ v U v C (D ®f A^) x be a compact open subgroup, with each U v C 
{Od)v ■ Furthermore, assume that U v = {Op,) x for all v S E. 

Take A a topological Z p -algebra. Fix a continuous representation a : Up — > 
Aut (Wo-) with W a a finite free A-module. We regard a as a representation of U 
in the obvious way (that is, we let U v act trivially if v \ p). Fix also a character 
ip : F x \(A f F ) x -> A x such that for any place v of F, a\ Uvn0 x is multiplication by 

ip^ 1 . Then we can think of W a as a U(A F ) X -module by letting (a£,) x act via 
Let S a ^(U,A) denote the set of continuous functions 

f :D x \(D® F A f F ) x -> W a 

such that for all j e (D ®p A^) x we have 

f{gu) = aiu^fig) for all u E U, 

f(gz)=i>(z)f(g)fo r( xl\ze(A F ) x . 

We can write (D ®p A^) x = ]J ieJ D x tiU(A F ) x for some finite index set / and 
some U E (D ®p A£) x . Then we have 

the isomorphism being given by the direct sum of the maps / i— > f(U). From now 
on we make the following assumption: 

For all t £ (D® F A F ) X the group (U(A f F ) x C\r 1 D x t)/F x = 1. 

One can always replace U by a subgroup (satisfying the above assumptions, and 
without changing Up) for which this holds (cf. section 3.1.1 of [Kis07a). Under 
this assumption S a ^(U, A) is a finite projective A-module, and the functor W CT i— > 
Sa,ij){U,A) is exact in W CT . 

We now define some Hecke algebras. Let S be a set of finite places containing E, 
p, and the primes v of F such that U v ^ {O d ) x . Let T^j = A[T V ,S V } V ^ S be the 
commutative polynomial ring in the formal variables T v , S v . Consider the left action 
of (D (g>F A^) x on Wcr-valued functions on (D ®p A F ) X given by (gf){z) — f(zg). 
Then we make S a ^(U,A) a Tg 1 ^ -module by letting S v act via the double coset 
U(^q ® )U and T v via U(*tf i)U. These are independent of the choices of ir v . We 
will write T a ^(U, A) or T a , 4 ,(U) for the image of T^ v in End S„^(U, A). 
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Note that if a is trivial, then we may also define Hecke operators at p. We let 
Un p be the Hecke operator given by the double coset U^ °)U and let V 7!f be 
given by U{q ° p )U. Note that these may depend on the choice of ir p . 

Let m be a maximal ideal of T^Jf. We say that m is in the support of (a, ip) 
if S a ^(U, A) m ^ 0. Now let O be the ring of integers in Q , with residue field 
F = F p , and suppose that A — O in the above discussion, and that a has open 
kernel. Consider a maximal ideal m C T™q which is induced by a maximal ideal of 
T<r,i/>(£/, O). Then there is a semisimple Galois representation p m : Gf GL2(F) 
associated to m which is characterised up to equivalence by the property that if 
v ^ S then ~p m | Gf i s unramified, and if Frob„ is an arithmetic Frobenius at v then 
the trace of ~p m (Frob v ) is the image of T v in F. 

We are now in a position to define what it means for a representation to be mod- 
ular of some weight. Let F v have ring of integers Of p , and let a be an irreducible 
F-representation of GL 2 (F p ), so a is isomorphic to <x m , n := det m <S> Sym™ F 2 for 
some < m < p — 1, < n < p — 1. Throughout the paper we allow m, n to vary 
over these ranges. We also denote by a the representation of GL 2 (Of p ) induced by 
the surjection Of p -» F p . 

Definition 2.1. We say that p is modular of weight a if for some D, S, U, tp, and 
m as above, with U p = GL 2 (0_f p ), we have S a ^(U, F) m ^ and p m = p. 

Assume from now on that ~p is modular of some weight, and fix D, S, U , i/j, m 
as in the definition. Write W(j>) for the set of weights a for which p is modular of 
weight a. 

One can gain information about the weights associated to a particular Galois 
representation by considering lifts to characteristic zero. The key is the following 
basic lemma. 

Lemma 2.2. Let ip : F x \(Ap) x — > O x be a continuous character, and write tp 
for the composite of ip with the projection O y — > F x . Fix a representation a of 
Up on a finite free O -module W a , and an irreducible representation a' of Up on 
a finite free W-module W a i . Suppose that we have a\ u n0 x = ip~ 1 \ u n0 x and 

a '\u v nO* v ~ ^ l(7„no^- 

Let m be a maximal ideal of . 

Suppose that W a i occurs as a Up-module subquotient of := W a ®V. Ifm is 
in the support of (a',Tp), then m is in the support of (cr,ip). 

Conversely, if m is in the support of {o,ijj), then m is in the support of (cr',ip) 
for some irreducible Up-module subquotient W a ' ofWw- 

Proof. The first part is proved just as in Lemma 3.1.4 of [Kis07bJ, and the second 
part follows from Proposition 1.2.3 of [AS86a|. □ 

3. Tame lifts 

We recall some group-theoretic results from section 3 of [CDT99 . First, recall 
the irreducible finite-dimensional representations of GL 2 (F p ) over Q p . Once one 
fixes an embedding ¥ p 2 M 2 (F p ), any such representation is equivalent to one in 
the following list: 

• For any character x '■ — >• Qp > the representation x ° det. 
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• For any x ~^ Q P i the representation sp x — sp ®(x ° clct), where sp is 
the representation of GL2(F P ) on the space of functions P 1 (F P ) — » Q p with 
average value zero. 

• For any pair xi ^ Xi '■ F p ~ * Q P : the representation 

/(Xi,X2)=Ind^ ) (xi0X2), 

where £>(F p ) is the Borcl subgroup of upper-triangular matrices in GL^Fp), 
and xi ® X2 is the character 



d) 1 ^ Xi(a)X2(d). 



• For any character x '■ F* 2 ~~ ► Q p with x 7^ X P : the cuspidal representation 
O(x) characterised by 

e(x)®sp-Ind° L2(Fp) X . 

p 2 

We now recall the reductions mod p of these representations. Let <7 mj „ be the 
irreducible F p -representation det m ® Sym™ F 2 , with < m < p — 1 , < n < p — 1 . 
Then we have: 

Lemma 3.1. Let L oe a finite free O-module with an action o/GL2(F p ) such that 
V ~ L <g)e> Q p is irreducible. Let a denote the Teichmuller lift of a. 

(1) IfV = x ° det with x( a ) = then L <£>o F = o- m ,o- 

(2) IfV = sp x wi£/i x(a) = a m , t/ien L (8o F = o" TO)P _i. 

(3) //V" = /(XI1X2) withxi{o) = a mi for distinct mi S Z/(f>— 1)Z, then L®o^ 
has two Jordan-Holder subquotients: o~ m3 i mi — m2 \ and cr mi r m2 - mi \ where 
< {m} < p — 1 and {m} = m mod p — 1. 

(4) IfV= 9(x) wii/i x(c) = c i+ ( p+1 ^ where 1 < i < p and j e Z/(p - 1)Z, 
t/ien L ®o F /ias two Jordan-Holder subquotients: o"i + j j i_2 and o"i + j iP _i_i. 
-Bott occur unless i — p ( when only the first occurs ), or i = 1 ( when only 
the second one occurs), and in either of these cases L ®o F = o"i+j, p -2 • 

Proof. This is Lemma 3.1.1 of |CDT99j . □ 

In what follows, we will sometimes consider the above representations as repre- 
sentations of GL2(0f p ) via the natural projection map. 

We now recall some definitions relating to potentially semistable lifts of particular 
type. We use the conventions of |Sav05j . 

Definition 3.2. Let r be an inertial type. We say that a lift p of ~p\a F 1S poten- 
tially Barsotti-Tate (respectively potentially semistable) of type r if p is potentially 
Barsotti-Tate (respectively potentially semistable with all Hodge- Tate weights equal 
to or 1), has determinant a finite order character of order prime to p times the 
cyclotomic character, and the corresponding Weil-Deligne representation, when re- 
stricted to Ip , is isomorphic to r. 

Note that (at least in the potentially semistable case) this terminology is not 
standard, but it will be convenient in this paper. 

Definition 3.3. We say that a representation p : Gp p — > GL 2 (Q p ) is ordinary if 
p\x F is an extension of a finite order character by a finite order character times the 
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cyclotomic character. We say that a representation p : Gf — > GL2(Q p ) is ordinary 
if p\gf p i s ordinary. 

We now need some special cases of the inertial local Langlands correspondence 
of Henniart (see the appendix to T3M02 ). If xi ^ X2 : F* — > O x , let t XuX2 be 
the inertial type xi © X2 (considered as a representation of Ip via local class field 
theory). Then we let cr(r xl)X2 ) be a representation on a finite O- module given by 
taking a lattice in I(xi,X2)- If X : F* - ► C x , we let T x — X © X> an d cr ( T x) be 
X o det. 

If x : F* 2 — ► O x with x 7^ X P j we let T x,x p ~ X © X p (again, regarded as a repre- 
sentation of Ip via local class field theory), and we let o~(t XiX p) be a representation 
on a finite 0-module given by taking a lattice in O(x)- 

The following result then follows from Lemma [2.2i the Jacquet-Langlands cor- 
respondence, the precise form of the local Langlands correspondence for tame rep- 
resentations (cf. Lemma 4.2.4 of [CDT99] ) . and the compatibility of the local 
and global Langlands correspondences at places dividing p (see [Kis08] ). (See the 
beginning of section [5] for the definition of the fundamental character to.) 

Lemma 3.4. Fix a type r as above (i.e., t = T XuXa , t x , or t XjX p ). Suppose that p 
is modular of weight a, and that a is a GL2(F p ) -module subquotient of o~(t) ®o F. 
Then ~p lifts to a modular Galois representation which is potentially Barsotti-Tate 
of type t at p. Similarly, if~p is modular of weight o~ m . p -i, then ~p lifts to a modular 
Galois representation which is potentially semistable of type uj m ®u) m . Conversely, 
ifp lifts to a modular Galois representation which is potentially Barsotti-Tate of 
type t at p, then ~p is modular of weight a for some GL2(F p ) -module subquotient a 
of 'o-(r) <E)o F. 

4. Weight cycling 

We now explain the weight cycling argument due to Kevin Buzzard which proves 
modularity in an additional weight in the non-ordinary case. There is an exposition 
of this argument in section 5 of |Tay06| in the case that p splits completely in F, 
and the argument goes over essentially unchanged in our setting. Since our notation 
and assumptions differ from those of |Tay06| , we give a proof here. 

Suppose that A is a field and that <r v denotes the dual of a. Then (cf. the 
discussion on page 742 of |Tay06| , recalling that by assumption we have (U (A F ) x f~l 
t~ 1 D x t)/F x = 1 for all t G (D ® F A^) x ) there is a perfect pairing 

(•,•): S^(U,A)xS a v^ (U, A) -» A 

given by 

(fi,h) = Y f (fi(t i ),Mu)) 

i 

where 

(D® F A f F ) x =]]_D x t t U(A F ) x 

i 

and the pairing between f\(ti) and f2{U) is the usual pairing between a representa- 
tion and its dual. A standard calculation shows that under this pairing the adjoint 
of S x is S 1 " 1 , the adjoint of T x is T x S~ l , and when it is defined the adjoint of U„ 
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Let 

u = n u - x j p 

v\p 

where I p is the Iwahori subgroup of GL 2 (0f p ) consisting of matrices which are 
upper-triangular modulo p, and let 

u! = l[u v x/; 

where 1^ is the subgroup of I v whose entries are congruent to (q \ ) modulo p. Let 
(j = l, the trivial representation, so that the operators U 7Tp and are defined on 
Si,ip{Ui, A) and Si^-i{U\, A) for any O-algebra A. Let 

an F x -character of the standard Borel subgroup B(¥ p ) of GL 2 (F P ). Then there is 
a natural embedding 

S 5 n^(?7o,F)^Si^([/i,F) 

which is equivariant for the actions of T™p v , and the image of Ss™ ^(Uo, F) is stable 
under the actions of and V^ p . We use this action as the definition of U np and 
V v „ onS 5 n^(U ,¥). 

There is also a natural isomorphism 

S s «^(U ,¥)^S Ind(Sn) ^(U,¥) 

where Ind(<5") is obtained as the induction from B(¥ p ) to GL 2 (F P ) of 5 n . We can 
think of this induction as being the functions 

9 : GL 2 (F P ) — ► F 

with the property that for all 6 G B(¥ p ), g G GL 2 (F p ), 

9(bg) = 6 n (b)9(g). 

The action of GL 2 (F p ) is by 

(g6)(x) = 6{xg). 

This isomorphism identifies / G Ss^^(Uo,¥) with F G Si nd (S"),ip(U,¥) where 

f(x) = F(x)(l) 

and 

F{x){g)=f{xg- 1 ). 
Now, we have a short exact sequence 

-> cr ,„ Ind(<5") -> o- niP _i_„ -> 
of GL 2 (F p )-modules and thus a short exact sequence 

- ^ 0iniV ,(f/,F) A S Ind(5 „ w (£/,F) ^ S , (7„, p _i_„,V'(^)^') - 
and, localising at m, a short exact sequence 

- S ao ^(U,¥) m A S Ind(5 n W (C/,F) m ^> ^„, p _ 1 _„,^(C/,F) m - 0. 

Proposition 4.1. If n < p—1 and S ao n ^(U,¥) m = then the map V Kp : 
Sind(5"),i J (U,¥) m S , Ind((5n)!l/ ,(C/,F) m is an isomorphism. 
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Proof. Under the assumption that Scr $(U,F) m = 0, we have an isomorphism 

Slnd(6"),ip{U,~F) m — > Sa n p _ 1 _ n ,4,{U,¥) m . 

We claim that there is an injection 

K '■ S aniP _ 1 _ n ,^(U,F) m — > Si nd ( S n)^{U, F) m 

such that k o (3 — V v . This would clearly establish the result. Of course, it is 
enough to construct an injection 

K : S IJnp _ 1 „ rl ^{U,F) -> S , i n d(5"),v( f/ ' F ) 

which commutes with the action of T™p v , and satisfies k o (3 — V Kp . 

As explained above, we identify Si n d(s n ),if>{U, F) with Ss^.^(Uo, F). First, note 
that (c/. the proof of Lemma 5.1 of |Tay06] or Theorem 3.4(a) of |AS86bj ) the map 

f3 : S S n^(U Q ,F) ^ S^^^F) 

is given by 

0(f)(9) = £ fig-u^ty^itX-sYf^. 

(s:t)£Vl(¥ p ) 

Here we are regarding elements of tT njP _i_„ as homogeneous polynomials of degree 
p — 1 — n in variables X, 1" in the usual way, and u(s, t) £ GL2(0_f p ) is any matrix 
congruent to 



s t 



modulo p. 

Then the map 



is defined by 



where 



/</)(<?) = /G?7)(l,0) 



It is easy to check that this is well-defined and equivariant for the action of T^ n J. v , 
and it is obviously injective. It remains to check that no [3 = V w . 

For each s 6 F p we let s denote a lift of s to 0j? p . Then we have the familiar 
decomposition 



"of; °Vo=nf- 1 °V° 



and we can take 

'1 
s 1 



u(s,l) 
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Then we have 

(«° /?)(/) (g) = W) (91) (i,o) 

= E /Gry"^*)" 1 )*"" 1 "" 

(s:t)eP 1 (F p ) 

= E/Gn-^M)- 1 ) 

seF„ 



5 4 (A °p)) 



sGF. 

(K p /)(<?)■ 



□ 



Proposition 4.2. // S^ ^^U, F) m = tften f/ie map U WlJ : S , CT0 0; ^(?7,F) m -» 
S<j 0t0 ,\i>(U, F) m *s isomorphism. 

Proof. Under the assumption that S ao p _ 1 ^(U,W) m = 0, we have an isomorphism 

We claim that there is an injection 

« : SWo o^^F) — > Si n d(i)^([/,F) 

which commutes with the action of T™p v , and satisfies [3 o k = [/^ . 

As above, we identify Si n d(i),^(i7,F) with S\^(JJq, F). Again, the map 

/3:5 liV ,(f/ ,F) (t/,F) 

is given by 

Then the map 
is defined by 
where 



wig) = E /(5-^Mr 1 ). 

(U,¥) ^ S^(U ,¥) 
*(f)(9) = f(9l) 

7= (J "JeGL^p). 

It is easy to check that this is well-defined, equivariant for the action of T™ v , and 
it is obviously injective. It remains to check that k o (3 — U 7Tp . 
Again, we may take 

u(s, 1) 

and we take 



S 1 



«(i,o)=(j I 

Recall that we have the standard decompositon 



s eF„ v 7 sev p v 
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TTp 0\ _ (0 7Tp\ fO 1 



Note that we have 

( o i) ~ \ i M i ") ' 

and if s ^ then writing i = s~ l we have 



/TTp 










0- 


G 


:)( 



Then we have 

(/3° «)(/)(<?)= E /(sXMrS) 

(s:t)eP 1 (F p ) 



'P 



seF p v 
= (^./)(ff) 



1 



□ 



Now, there is a maximal ideal m* of Tg n ^ v with the property that for each x ^ S, 
T x -a € mif and only if T^S" 1 — a 6 m*, a,ndS x -{3 € m if and only if 1 — /3 e m*. 
Thus 

Pmv = Pm(!)- 

Then from the duality explained above between and S^v we obtain 
Corollary 4.3. If n < p — 1 and S ao n ^(U,¥) m — then the map 

Un p ■ ■S'lnd(<5-™),-0- 1 (^]F)m ~> Slnd(S~ n ) .ip- 1 ^)m 

is an isomorphism. 

Proof. This follows at once from Proposition 14. II □ 

Proposition 4.4. Suppose that < n < p — 1. // p /ias a Zi/f £o a modular 
representation p : Gf — > GL2(Q p ) which is potentially Barsotti-Tate of type oj m+n ® 
LU m and is not ordinary, then]) is modular of weight <7 TO) „ and of weight o~m+n,p-\-n- 



Proof. We know from Lemma 13.41 that p is modular of weight at least one of 
Cm+ri.p-i-n and o~ m ,n- Suppose for the sake of contradiction (and without loss 
of generality) that p is modular of weight a m +n,p-x—n but not weight a m .n- Twist- 
ing, we may without loss of generality assume that m = 0. 

Take D, S, U, if> and m as in section [21 chosen so that if n ^ there is an 
eigenform in S Ind ,$ n \ ^{U, Q p ) corresponding to p, and if n = there is such a form 

in Si t ^(U,Q p ). Note that by local-global compatibility and standard properties of 
the local Langlands correspondence, the assumption that p is not ordinary shows 
that Up has a non-unit eigenvalue on S laA r$ n \ ^(U,Q p ) (respectively Si,^>(U,Q p )). 

Suppose first that n = p — 1. Then by Proposition 14. 21 U T is an isomorphism 
on Sirf(U, F); but this is a contradiction. 

Suppose now that n < p — 1. Then by Corollary 14.31 U„ is an isomorphism 
on S^^-n) ([/, F)^. Again, this is a contradiction, as by the above duality 
there is an eigenform in >5[ n( j(5-») ^-i (U, Qp)^ corresponding to the representation 
p v (l). ' ' □ 
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5. Necessary conditions 

Suppose that K is a finite extension of Q p , with residue field k. Let Sk — {t ■ 
k F p }. For each r 6 Sk we define the fundamental character u>k,t corresponding 
to r to be the composite 

Ik O k > k- -^f p , 

where the first map is the isomorphism given by local class field theory, normalised 
so that a uniformiser corresponds to geometric Frobenius. We will generally sup- 
press the subscript K and write simply w T . If x is a character of Gk or Ik, we 
denote its reduction mod p by x- 

If K is totally ramified (e.g. if K = Fp), we let u> be the unique fundamental 
character. Note that the (restriction to Ik of the) mod p cyclotomic 

character, e.g. by Lemma 16.21 below. Let o\, 02 denote the two embeddings of the 
quadratic extension of k into ¥ p , and let w CTl , w CT2 denote the two corresponding 
fundamental characters of Ik- 

If ~p\gf p 1S semisimple, then we define a set of predicted weights for p as follows. 

Definition 5.1. The set (p) is the set of weights o m ,n such that there exists 
1 < x < e with either p\ Jpf S ^m+n+x^m+e-x © uj^w^ or p\ lFp £ 

^jm-\-n-\-x ^ ^jTn+e — x 

Let W(j)) be the set of weights a such that ~p is modular of weight a. Our aim 
in this section is to prove that W(jp) C W' (p). 

5.1. Breuil modules with descent data. Let k be a finite extension of ¥ p , let 
Kq = W(k)[l/p], and let if be a finite Galois totally tamely ramified extension of 
K , of degree e'. Assume that there is a uniformiser it of Ok such that ir e 6 L, 
where L is a subfield of K , and fix such a n. Since K/L is tamely ramified, the 
category of Breuil modules with coefficients and descent data is easy to describe 
(see Sav08 ). Let ks be a finite extension of F p . The category BrModdd.L consists 
of quadruples (M, Fil 1 A4, 4>\, {§}) where: 

• M is a finitely generated {k (&w p kE)[u]/u e ^-module, free over k[u]/u e p . 

• Fil 1 is a (k (E>r p &E)[u]/u e ' p -submodule of M containing u e ' M. 

is fee-linear and 0-semilinear (where <f> : k[u]/u ep — + 
k[u]/u ep is the p-th power map) with image generating M as a (fc ®f p 
fee ) [u] /it e p -module. 

• g : M. — > .M are additive bijections for each g € Gal(K/L), preserving 
Fil AA, commuting with the <f>-, and fc^-actions, and satisfying g\ o g 2 = 
g~i~°~92 f° r au 9i,92 G G&L(K/L), and 1 is the identity. Furthermore, if 
a e fc ®f p m £ M then g{au i m) = g{a){(g(Tr)/Tt) 1 ® l)w l g(m). 

The category BrModdd.z, is equivalent to the category of finite flat group schemes 
over O/j- together with a Aig-action and descent data on the generic fibre from K 
to L (this equivalence depends on 71"). 

We choose in this paper to adopt the conventions of [BM02] and |Sav05| , rather 
than those of [BCDT01 ; thus rather than working with the usual contravariant 
equivalence of categories, we work with a covariant version of it, so that our formu- 
lae for generic fibres will differ by duality and a twist from those following the con- 
ventions of |BCDT0i] , To be precise, we obtain the associated G^-representation 
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(which we will refer to as the generic fibre) of an object of BrModdd.L via the 
functor T^ 2 . 

Let E be a finite extension of Q p with integers Oe, maximal ideal vhe, and residue 
field k,E- Recall from Sav05] Sec. 2] that the functor D^ 2 is an equivalence of 
categories between the category of ^-representations of Gl which are semistable 
when restricted to Gk and have Hodge- Tate weights in {0, 1}, and the category of 
weakly admissible filtered (tp, iV)-modulcs D with descent data and ^-coefficients 
such that Fil°(is: ® Ko D) — K ® Ko D and ¥i\ 2 {K ® Ko D) = 0. 

Suppose that p is a representation in the source of D^ 2 . Write S — Sk,o e 
(notation and terminology in this paragraph are as in |Sav05[ Sec. 4]). Then T^ 2 
is an equivalence of categories between strongly divisible modules M (with Oe~ 
coefficients and descent data) in S ®w(k) D^ 2 {p) and Galois-stable O^-iattices 
in p; and this equivalence is compatible with reduction mod vcie, so that applying 
T s ^ 2 to the object M/mE-M of BrModdd.L yields a reduction mod p of p (see 
[SavOSI Cor. 4.12, Prop 4.13]). 

Let I denote the residue field of L. 

Lemma 5.2. Let % : Gal(if/L) — > k E be a character, and for c£ (< ®f A;e) x let 
M.(x,c) denote the rank one Breuil module with Ue -coefficients and descent data 
from K to L with generator v and 

Fil x M(x,c) = M(x,c), (f>x{v) = cu, g(v) = (1 <8> x(g))v 

for g £ Gal(K/L). Then Tj( 2 (A4(x, 1)) = X> and 2 (A4(x, c)) is an unramified 
twist ofx- 

Proof. Let X ■ Gal(K/L) -> E x be the Teichmiiller lift of % For c 6 {W{t)®0 E ) x 
lifting c, define a weakly admissible filtered (<fi, 7V)-module with descent data D(x, c) 
over Kq ®q p E with generator v, 

10 if i > 1 

and 

<j)(v)=pc-v, N = 0, g- v = (1 (g>x(fiO)v. 

Now there is a strongly divisible 0_E-module M(x, c) contained in S ®w(k) D(x, c) 
generated by v and satisfying 

Fil 1 M(\,c) =M(x,c), ^(v) = cv, ?-v = (l®x(ff))v. 

In particular M(Xi c)/mE-M(x, c) = M(x, c). One checks (exactly as in |Sav05| 
Ex. 2.14]) that D^ 2 (x) = D(x, 1), and it is then standard that the representation 
giving rise to D(x, c) is an unramified twist of x- The result now follows from the 
discussion of the functor 2 immediately before the statement of the lemma. □ 

5.2. Actual weights are predicted weights. In this section we make use of the 
results of Sav08] to prove results on the possible forms of Galois representations 
which are modular of a specified weight. Suppose that ~p is modular of weight o- m>n . 
Then by Lemma l3T4l p\g Fv nas a potentially semistable lift of type uj m+n © uj m . 

Lemma 5.3. If~p is modular of weight a m ,n, then det ~p\i F — U! 2m + n + e . 
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Proof. As remarked above, ~P\g Fv has a potentially semistable lift of type £? n +™ © 
uj m , say p. It suffices to check that det p\i F = euj 2,n+n , where e is the p-adic 
cyclotomic character (recalling again that the reduction mod p of e is lu c ). This 
follows at once from Definition 13.21 and the results of section B.2 of [CDT99]. □ 

We begin by addressing the case when ~p\g Fp is reducible. 
Lemma 5.4. Suppose that~p is modular of weight <J m ,n, and thatp~\a F is reducible. 



Proof. We consider first the case n = p — 1. By Lemma p\c Fp has a poten- 
tially semistable lift of type ui m © ui m . If it is not potentially crystalline then it is 
automatically ordinary, and the result follows immediately (with x — e). If this lift 
is in fact potentially crystalline then without loss of generality we may twist and 
suppose that m = 0, and thus that p has a crystalline lift of Hodge- Tate weights 
and 1. Then ~p\c Fp is flat, and the result follows at once from Lemma 15.31 and 
Theorem 3.4.3 of |Ray74| . 

For the remainder of the proof suppose that n < p — 1. Let Kq be the unramified 

quadratic extension of F p , and let K = Kq(w) with w = iw/^ l \ Let k 2 denote 
the residue field of Ko, and if g £ G&\(K/F p ) define rj(g) to be the image of g(zu)/w 
in k 2 . 

By Lemma T3.41 ~p\g f has a lift to a potentially Barsotti-Tate representation of 
type £3™+™+!^™-! ©2™ _1 cD™ +n+1 , and we may suppose this lift to be valued in Oe 
for E some finite extension of Q p with residue field kE into which ki embeds, and 
with uniformiser tte- The lift becomes Barsotti-Tate over K, and the 7TE-torsion 
in the corresponding p-divisible group gives rise to a finite flat fc^-module scheme 
Q over Ok with descent data to F p , with generic fibre p~\a Fp , such that the descent 
data to K is ©w™~ 1 w™ +n+1 . We claim that this implies the lemma. 



ment, Q must contain a finite flat subscheme Q\ with descent data which has generic 
fibre ipi- Twisting by a suitable power of u>, we may assume m = 0. By Theorem 
3.5 of |Sav08] . we may write the Breuil module A4 corresponding to Q\ in the form 

• M = [(k 2 ® Fp k E )[u}/u e (p 2 ~VP) ■ w 

• Fil 1 ^ = u r M 

• 4>\{u r w) = cw for some c S (k (E>r p k E ) x 

• g( w ) = (r](g) K ® l)w for g e G&l{K/F p ). 

Here k, r are integers with n £ [0,p 2 — 1) and r £ [0, e(p 2 — 1)] satisfying k = p(n + r) 
(mod p 2 — 1) or equivalently r = (p — 1)k (mod p 2 — 1). From the shape of the 
descent data n must be congruent to one of n+1 — p or —1 +p(n+ 1) (mod p 2 — 1); 
hence k = n + p 2 ~ p or pn + (p — 1). 

In the first case we find r = (p — l)(n + 2) (mod p 2 — 1), and therefore r = 
(p — l)(n + 2) + y(p 2 — 1) for some < y < e. One checks that there is a map / : 
M{uj n+y+1 , c) —> M mapping v u pr ^ p ^^w, where M(ui n+y+1 , c) is as defined 




1 < x < e. 




Then by a scheme-theoretic closure argu- 
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in Lemma [5.21 The kernel of this map does not contain any free k2{u]/u e ( p 
submodules, and so by |Sav04| Prop 8.3] the map / induces an isomorphism on 
generic fibres. By Lemma I5T2T, we deduce that ipi\i Fp = uj n+x with x = y+1 G [1, e]. 

In the second case we find r = [p — l)(f> — n — 1) (mod p 2 — 1), and therefore 
r = (p — l)(p — n — 1) + y(p 2 — 1) for some < y < e. One checks that there 
is a map Ai(u> y ,c) — > M. mapping v i— > u pr '< '(p -1 ) 'w . As in the previous case this 
map induces an isomorphism on generic fibres, and by Lemma 15.21 we deduce that 
tpi\l Pp = Lu e ~ x with x = e - y G [1, e]. 

Now in either of the two cases the result follows from Lemma 15.31 □ 

We now consider the irreducible case. 

Lemma 5.5. Suppose that ~p is modular of weight cr m ,n, and that J>\g f * s * rr e- 
ducible. Then p\ lFp = w™+ n+x w™+ e ~ x ®u™ +e - x w™+ n+x for some 1 < x< e. 

Proof. This may be proved in essentially the same way as Lemma l5.4l However, the 
result follows easily from the results of |Sch08aj . Note that u m<n is a Jordan-Holder 
factor of det m (g>Ind((5™). Then in the case n ^ 0, p — 1 the result follows at once 
from (the proof of) Proposition 3.3 of |Sch08aj : while Schein works in the case of 
an indefinite quaternion algebra, his arguments are ultimately purely local, using 
Raynaud's classificiation of finite flat group schemes of type (p, . . . ,p). 

In the case n = Oorp-1 a very similar but rather easier analysis applies. In this 
case, by Lemma l3"^tl ~p\g f has a potentially semistable lift of type ui m © u) m . If it is 
not potentially crystalline then it is automatically ordinary, a contradiction. Thus 
the lift must in fact be potentially crystalline, and after twisting, one needs only 
to consider the case m — 0, and one is reduced to determining the possible generic 
fibres of finite flat group schemes over F p , which is immediate from Raynaud's 
analysis (Theorem 3.4.3 of |Ray74| ) , together with Lemma IBTBI □ 

Putting Lemma IBT^l and Lemma \5 . 51 together, we obtain the following. 

Corollary 5.6. If~p\G Ff is semisimple, then W(ji) C W ? (p). 

Note that if e > p — 1 then W ? (~p) is precisely the set of weights a m ^ n with 
det ~p\i Fp — uj 2m + n + e j so the result follows from Lemma 15731 alone. 

6. Local lifts 

If p is to be modular of weight a £ M^ ? (p), then Lemma T3.4I entails that p\g Fp 
must have a potentially Barsotti-Tate lift of some particular type or types. The 
existence of certain of these local lifts will be a key ingredient in the proof that ~p 
is indeed modular of weight a. Our aim in this section is to produce these lifts. 

6.1. The niveau 1 case. Let K be a finite extension of Q p , and let Sk denote 
the set of embeddings r : K Q p . 

Definition 6.1. If p is a Q p -valued crystalline representation of Gk and t G Sk 
we say that the Hodge- Tate weights of p with respect to r are the i for which 

gr-\p) := gr^^p®^ B dR ) G * ®^ pKA%T %) + 0, 

counted with multiplicity dim gr~ l (p). We denote the multiset of Hodge- Tate 
weights of p with respect to r by HT T (p); it has cardinality dim p. 
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If <t G Sk, we let a be the induced element of Sk- 

Lemma 6.2. Let A — {a T } re s K be a set of positive integers. Then there is a 
crystalline character of Gk such that HT T (e^) = a T for all r € Sk, and e\ is 
unique up to unramified twist. Furthermore, e\ \i K = Y[ T es k w ' T i w ^ e 



lere 



Proof. This is straightforward, and we only sketch a proof; the full details will 
appear in [GSj . The existence of e\ is easy, as one has only to write down the 
corresponding weakly admissible filtered module. Uniqueness up to unramified 
twist is clear, because a crystalline character all of whose Hodge- Tate weights are 
is automatically unramified. Finally, to compute the reduction modulo p, it suffices 
to treat the case where all but one element of A is 0, and the remaining element is 
f , as the general case then follows by taking a product of such characters. In this 
case one can compute the reduction mod p by using strongly divisible modules and 
Breuil modules, as in [Sav08J. □ 

Lemma 6.3. Suppose that 

pK - y o 

with I < x < e, and that ~P~\g Fp itself is decomposable (which is automatic if 
LU m + n + x uj m+e ~ x ). Then ~P~\g Fp has a potentially Barsotti-Tate lift p of type 
~m+n 0^,™^ if x e then there is a non-ordinary such lift; if x — e then there is a 
non-ordinary such lift provided that n + e > p — 1, unless e < p — 1 and n = p — I. 

Proof. Let A = {a T } Te s Fp have exactly x elements equal to 1, and the remaining 
e — x elements equal to 0. Let B = {I — a T } Te s Fp . Then by Lemma 16.21 we may 

take p to be given by an unramified twist of uj m+n e F ^ plus an unramified twist of 
uj m e B v (with the unramified twists chosen so that this is indeed a lift of p). This 

F F 

lift is ordinary precisely if one of e / or e B p is an unramified twist of the cyclotomic 
character, which occurs if and only if x = e. 

Now suppose that x — e. If e > p — 1, then because u) v ~ x = 1 we may instead 
take A to have exactly x — (p — 1) elements equal to I, and the rest equal to 0, 
and produce a non-ordinary lift with B and p defined as above. If e < p — 1 but 
n + e > p — 1, we take A to have exactly n + e — (p — 1 ) elements equal to I and the 
rest equal to zero. Set B = {1 — a T } re s Fp an d take p to be given by an unramified 

twist of Q m e^' plus an unramified twist of Cj m+n e B ^ . This is non-ordinary provided 
that n^p-l. □ 



6.2. The niveau 2 case: some strongly divisible modules. In the remainder 
of the section we wish to prove the following. 

Lemma 6.4. Suppose that J>\G Ff is irreducible and ~p\i Fp = u™+ n + x ui™+ e ~ x © 
u)™+ e ~ x uj™ 2 ^ n+x for some I < x < e. Then J>\g f has a potentially Barsotti-Tate 
lift of type u m+n ©w m . 



We prepare for the proof of the Lemma 16.41 by constructing certain strongly 
divisible modules. 
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Let K be a totally ramified finite extension of Q p with ramification index e 
and residue field k, and fix a uniformiscr 7r of K . Let K 2 be the splitting field 
of u p _1 — 7r, and write e 2 = (p 2 — l)e and k 2 respectively for the ramification 
index and residue field of K 2 . Similarly write e\ = {p — l)e. Choose w G X2 a 
uniformiser with ZUP - 1 = 7T. Let -E(u) be an Eisenstein polynomial for w, and 
write E(u) = u e2 + pF(u), so that F(u) is a polynomial in u p _1 over W(fe) whose 
constant term is a unit. 

If 3 G Gif write 0)2(5) = g^/vo € ^ p 2_i(K 2 ) and write tu 2 (g) for the image of 
0)2(3) in &2. Set u3 = cDl" 1- and u = lu p+1 . These may all equally well be regarded as 
functions on Gal(K2/K). Note that ii a : k 2 ^ ¥ p then in the notation of previous 
sections we have u> a — <tolo2\i K2 ■ We will abuse notation and also write tu for to\i K , 
the Tcichmullcr lift of a fundamental character of level one of K. 

Let E denote the coefficient field for our representations, with integer ring Oe 
and maximal ideal the. Assume that E is ramified and that W(k2) embeds into 
E. Let kE denote the residue field of E, and assume without loss of generality 
that ks is contained in F p . Write S = Sk 2 ,O e (notation as in }Sav051 Sec. 4]). 
Recall that tj> : S — > S is the W^A^-semilinear, 0_E-linear map sending u 1— » u p . 
The group Ga\(K2/K) acts VF(fc2)-semilinearly on S via 3 ■ u = (0)2(3) <8> Set 
c = ±cb(E(u)) e S\ 

Theorem 6.5. Let < j < e\ be an integer and set J = (p + There exists a 
strongly divisible Oe -module A4 = Aij with tame descent data from K2 to K and 
generators 31,52 such that M. = M/ixieM has the form 

Fil'M = , u e ^ J g 2 ), 

<t>t{u J g l ) =g 2 , 4> 1 {u e2 - J g 2 )=g ll 

9(Vi) = 9i, 9(92) = v n (g)g 2 
for g G Gdl(K2 / K) , where n is the least nonnegative residue of j modulo p — 1. 

Proof. Choose any Xi,x 2 G mg with 0:12:2 = p. Let M. be the S'-module generated 
by 31,32 and let Fil 1 be the submodule of Ai generated by 

hi := u J gi + 2:132, h 2 := -x 2 F(u)gi + u e2 ~ J g 2 , (Fil 1 S)M. 

We would like to define a map (j> : M — » Ai, semilinear with respect to <f> on S, so 
that cf>i — ^iFii 1 ^ i s well-defined and satisfies 

(6.2.1) <f>i(u J gi +X132) = 32 

(6.2.2) M-X2F{u) gi + u e2 - J g 2 ) = 31 • 

This entails 4>i{E(u)gi) = 4>i(u e2 ~ J hi — Xih 2 ) = u p ( e2 ~ J ^g2 — x\g\, suggesting that 
we should define 

0(3i)=c- 1 K (e2 - 7) 32-x 1 3i) 

and similarly 

0(32) = C- 1 (220(F( U ))32 + U pJ 9l ). 

Extending this map </>-semilinearly to all of Ai, one checks that equations (|6.2.ip 
and (|6.2.2[) hold, so that <f>(Fil Ai) is contained in pAi and generates it over S. 

Recall that each element of S can be written uniquely as J2i>o ri{u)E{uf /i\ 
where each is a polynomial of degree less than e2, and such an element lies in 
Fil 1 ^ if and only if r = 0. We claim that each coset in Fil 1 .A/(/(Fil 1 S')./V"l has a 
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representative ahi + bh^ with a, b polynomials of degree less than ei — J and J 
respectively. Indeed, given a coset Ahi + Bhi + (Fil 1 S^Al with A, B G S, we can 
alter the coset representative as follows: write B as the sum of a polynomial of 
degree less than 62 and an element of Fil 1 ,?, and absorb hi times the latter into 
(Fi\ 1 S)AA; use the relation u J hi = E{u)g% — X2F{u)h\ to eliminate the terms in B 
of degree at least J (thus altering the coefficient of hi); write the new coefficient of 
hi as the sum of a polynomial of degree less than ei and an element of Fil S, and 
absorb the latter into (Fi\ 1 S)AA; finally, use the relation u e2 ~ J hi — E(u)g\ + x\h% 
to eliminate the terms of degree at least e2 — J in the coefficient of hi, noting 
that in this last step one does not re-introduce terms of degree at least u J into the 
coefficient of /12. 

We are now ready check that if / is any ideal of Oe, then Fil 1 A'! fl IAA = 
IFi^M. We have seen that an arbitrary element m of Fil 1 A'! has the form m = 
ahi + bhi + si<?i + S2<?2 with si, S2 G Fil 1 S and a, b polynomials of degree less than 
62 — J and J respectively. Suppose such an element lies in IAA. The coefficient 
of 52 for this element is xia + u e2 ~ J b + S2- This must lie in IS; but because an 
element J^i ri(u)E(u) 1 /i\ (with deg(r^) < for all i) lies in IS if and only if all 
the coefficents of the polynomials lie in W(k2) <£>I, and because xia, u e2 ~ J b have 
no terms in common of the same degree, it follows that that S2 & I(Fi\ 1 S) and the 
coefficients of b lie in W(k2) <8> /• Then ahi + sigi still lies in IA4, and now we can 
see that si e /(Fil S) and the coefficients of a lie in W(ft2) ® /• We conclude that 
m E /(Fil 1 A'!), as desired. 

Next we turn to descent data. If g G Gal(Ki/ K), set g(gi) — gi and g{g<i) — 
uj n {g)g2, and extend g to Ad semilinearly with respect to the usual action of g on S. 
One sees that g preserves Fil 1 A4 (remember that F(u) is a polynomial in u p _1 over 
W(k)) and commutes with <\>. So, summarizing all our work so far, we have shown 
that the tuple (A4, Fil 1 , (f>, {g}) satisfies all the axioms of a strongly divisible Oe~ 
module with tame descent data [Sav05[ Def. 4.1] other than the axioms involving 
the monodromy operator N. 

Ignoring the action of Oe and the descent data and regarding {M,Y\\ l M,(j)) 
simply as a strongly divisible Z p -module over K2, it follows from [BrcOO, Prop 
5.1.3(1)] that there exists a unique W(k2) <8> Z p -endomorphism N : AA — > AA satis- 
fying axioms (5)-(8) of [Sav05, Def. 4.1], except that we have axiom (5) only with 
respect to a G Sk 2 ,z p until we know that N commutes with the action Oe- For the 
latter, if z € O^ we observe that zJVz -1 satisfies the same list of axioms that de- 
termines N uniquely, so z and TV commute; since 0^ generates Ob as a Z p -module 
we conclude that N is an O^-endomorphism. To conclude that AA (with its associ- 
ated structures) is a strongly divisible O^-module, the only thing left is to confirm 
the remainder of axiom (12), that N commutes with g for each g G Gal(K2/K); 
for this, use the same argument as in the previous sentence, this time applied to 

gNT 1 - _ 

That AA = AA/mEAA has the desired form is obvious. □ 

Define pj = 2 (Mj), the potentially Barsotti-Tate Galois representation asso- 
ciated to AAj. 

Proposition 6.6. The representation pj has inertial type uj n © 1. 
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Proof. Let D denote the filtered module with descent data associated to pj. We 
recall from the proof of |Sav05( Lcm. 3.13] that D is equal to the kernel of N on 
W{k 2 )[l/p]® w{k2) M j . 

Write M — M.jjuM.j and equip M with the maps N and <fi induced from A4j 
(so in particular N = on M), as well as induced descent data g. By |Bre971 
Prop. 6.2.1.1] the canonical map A4j — > M has a unique VF(&2)[l/,p] -linear section 
s : M — > Mj preserving cj> and N; then the same uniqueness argument as in the 
last paragraph of the proof of Theorem 16.51 shows that s is an _E-linear map and 
that s preserves descent data. 

Recalling that N = on M, we see that D — im(s), so in particular D has a 
Vr(fc2)[l/p] <8>q p E'-basis vi,V2 with = s(gi). Since s preserves descent data we 
have g ■ v\ = v\ and g ■ v-i — Q n (g)v2- The proposition follows. □ 

6.3. The niveau 2 case: conclusion of the proof. We will now compute ~p~j = 
T s ^ 2 (Mj/mEMj), which by |Sav05[ Prop 4.13] is the reduction mod p of pj. More 
precisely we will compute ~Pj\g l where L is the unramified quadratic extension of 
K contained in 

As in Lemma T5.2I let x '■ Gal(K2/L) — + k^, be a character and let M.(x) denote 
the rank one Breuil module with fc^-coefficients and descent data from K 2 to L 
with generator v and 

Fi^Mix) = M{x), 0i(») = v, g(v) = {l®x(g))v 

for g G Gal(K2/ L). By Lemma [531 we have 

(6-3.1) T s l 2 (M(x)) = X- 

Let Alj denote the Breuil module Aij — A4j /niE-Mj with its descent data 

restricted to Gal(K 2 /L), so that T^ t2 {M^) = T^ 2 (Mj)\c L - We abuse notation 
and also let u> a denote er o ui 2 \ Gl . 

Proposition 6.7. We have Pj| Gi = T^ 2 (m)) = ui+ e © ^+ e . 

Proof. Let , e CT2 £ &2 © denote the idempotents corresponding to the embed- 
dings o~i : o~2 '• k 2 c — > kg? so that e CTi (a©l) = e CTi (l©cri(a)). Suppose {a, /?} = {1,2}. 

2 

If one ignores descent data, one checks that there is a map f@ : M-ix) -Mj ob- 
tained by sending 

In order that this map be compatible with descent data, one checks that it is 
necessary and sufficient that e rTa (l©x) = e<r Q (k>2 ® l)j i- e -i X = e ' = <-^ e - 
We therefore have a map 

A © h : A^K| e ) © XK+ e ) -> Jt r 

Note that ker(/i©/ 2 ) does not contain any free fc 2 [u]/w e2P -submodules (this amounts 
to the fact that p(j + e) and p{pe — j) are both smaller than p&2^\ by |Sav041 Prop 
8.3] we deduce that fx © /2 induces an isomorphism on Galois representations, and 
the proposition follows from (|6.3.ip . □ 



Finally we have the following. 
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Proof of Lemma \6.4\ Take K = F v in the discussion of this and the previous sub- 
section. Twisting by a suitable power of the (Teichmullcr lift of) a fundamental 
character of level one, we may assume m = 0. Setting j = n + (p — l)(e — x), one 
checks that w£+ e = lo™+ x oj^~ x and similarly for w^ e . It follows from Proposition 
16.71 that p is an unramified twist of Pj . Therefore a suitable unramified twist of pj 
will lift p, and since pj has type oj n © 1 we are done. □ 

Remark 6.8. The reader may find it unnatural that although pj becomes Barsotti- 
Tate over Ki = K^/^-V), we instead work with a strongly divisible module over 
K2 for pj (because our method for computing Pj\G L requires it). One can certainly 
write down the strongly divisible module over K 1 instead (just replace J and e 2 with 
j and ei throughout the construction of M.j), whose reduction mod p corresponds 
to a group scheme Q over Ok x with generic fibre descent data from K\ to K. One 
can then hope to show directly, by extending the methods of IU 'I ) 10 1 1 Sec. 5.4], 
that Q x-o Kl ®k 2 (with generic fibre descent data from K 2 to K) corresponds to 
our Mj. However, this last step would require at least several extra pages of rather 
technical work, so we prefer to proceed as above instead. 

7. The main theorems 

Recall that we are assuming that F is a totally real field in which the prime p 
is totally ramified. We now prove the main results of this paper, by combining the 
techniques of earlier sections with the lifting machinery of Khare-Wintenberger, as 
interpreted by Kisin. In particular, we use the following result. 

Theorem 7.1. Suppose thatp > 2 and that~p : Gf GL^Fp) is modular. Assume 
that~p\G F{ip) is irreducible. If p — 5 and the projective image of~p is isomorphic to 
PGL 2 (F 5 ) 7 P assume further that [F(( p ) : F] = 4. 

• Suppose that~p\Q Ff has a non- ordinary potentially Barsotti-Tate lift of type 
Cj m+n © uj m . Then ~p has a modular lift which is potentially Barsotti-Tate 
of type Cb m+n Co m and non-ordinary. 

• Suppose that ~p has an ordinary modular lift. Suppose also that J>\gf p has 
a ordinary potentially Barsotti-Tate lift of type £j m + n ® Cj m . Then ~p has 
a modular lift which is potentially Barsotti- Tate of type uj m+n Cj m and 
ordinary. 

Proof. This is a special case of Corollary 3.1.7 of [Gcc06a . □ 

In combination with the local computations of section O this shows us that 
if ~P~\gf p is semisimple, and er m , rl <E W then p has a modular lift which is 
potentially Barsotti-Tate of type Cj m+n © uj n . By Lemma [3.4[ this means that p 
is modular of weight er TO , rl or er m +ri.p-i-n- However, we can frequently guarantee 
that this lift is non-ordinary, and the weight cycling techniques of section @] then 
give the following far more useful result. 

Theorem 7.2. Suppose thatp > 2 and that~p : Gf — > GL2(F p ) is modular. Assume 
that p|g f(< j is irreducible. If p = 5 and the projective image of ~p is isomorphic 
to PGL2(F5), assume further that [F(£ p ) : F] = 4. Ifp~\Q F has a non-ordinary 
potentially Barsotti-Tate lift of type dj m +" © £j m , < n < p — 1, then ~p is modular 
both of weight o~ m ^ n and of weight cr m +n,p-i-ri- 
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Proof. By Theorem 17. 1[ there is a modular lift of p which is potentially Barsotti- 
Tate of type £ m +" ® Cj" 1 , and which is non-ordinary. The result follows from 
Proposition 14.41 □ 



We now extract some consequences from this result. Suppose that p\g Fp i s 
scmisimple. Then we have already proved that W(j>), the set of weights a for 
which p is modular of weight a, is contained in W (ft) (this is Corollarv l5.6[) . We 
can frequently deduce the converse implication, showing that if a„ ltn £ W' (p) then 
o~m,n £ W(jj). By Theorem 17.21 it suffices to be able to produce a non-ordinary 
potentially Barsotti-Tate lift of ~p@ F of type Cj m+n Cu m . In the majority of cases 
we constructed such a lift in section [6l and we obtain the following result. 

Corollary 7.3. Suppose that p > 2 and that p : Gp — > GL 2 (F p ) is modular. 
Assume that pIg f(<: j * s irreducible. If p = 5 and i/ie projective image of p is 
isomorphic to PGL 2 (F 5 ), assume further that [-F(Cp) : = 4. Suppose that J>\gf p 
is semisimple. 

(1) Ifp\c F is irreducible or e > p, then p is modular of weight a if and only 
ifaeW' ? (p). 

(2) If e < p — I, then ~p is modular of weight a if and only if a £ W' (p) except 
possibly if a = o rn ^ n and 

with n + e < p ~ 1 or n = p — 1 . 

Proof. As already remarked, the "only if" direction is Corollary 15.61 and the "if" 
direction follows at once from Theorem l7.2[ Lemma IB~3l Lemma HT4l and Definition 
15.11 In part (2), the exceptional cases are precisely the ones where wc were unable 
to construct a non-ordinary lift in Lemma 16.31 □ 



Note that there are at most four exceptional cases in part (2) of Corollary 17.31 
there are two ways of ordering the diagonal characters, and each ordering will corre- 
spond either to one or two values of n (if n ^ or n = (mod p — 1) respectively). 

In fact, if we assume in addition that p has an ordinary modular lift, then we 
are able to dispose of most of these exceptional cases. This relies on something of 
a combinatorial coincidence; it turns out that in most cases where a m , n £ W (p) 
but p\gf p nas om y ordinary lifts of type d)™ l+n ©lD" 1 , then a m+n , P -i- n £ W ? (p), so 
the combination of Theorem 17.11 Lemma 13.41 and Corollary 15.61 shows that in fact 
o- m>n € W(p). 

Corollary 7.4. Suppose that p > 2 and that p : Gf — > GL2(F p ) is modular. 
Assume that p|g f(c } is irreducible. Suppose that e < p — 1 and that p\g f is 
semisimple and reducible. Suppose further that p has an ordinary modular lift. If 
p = 5 and the projective image of ~p is isomorphic to PGL2(Fs), assume further 
that [F(( p ) : F] = 4. Suppose that a m ,n £ W' (p). If n = p — 1, suppose that 



Then p is modular of weight a mn . 
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Proof. If ~p\g p nas a non-ordinary potentially Barsotti-Tate lift of type £j m + n ©d)™ 1 , 
then by Corollary [731 ~P~ is modular of weight o~ m ,n- 

Suppose now that ~p\g Fv does not have a non-ordinary potentially Barsotti-Tate 
lift of type Cj m+n © Cj m . By Lemma 15751 we must have 

pK = y o 

Furthermore, cither n + e < p — 1, or n = p — 1. The second case is precisely the 
case excluded by the statement of this corollary. 

Thus we must have n + e < p — 1. By Lemma 16.31 ~p\g Fp has a potentially 
Barsotti-Tate lift of type £j m+n © di™, so that by the assumption that p has an 
ordinary modular lift, Theorem 17.11 and Lemma l3.4[ p is modular of weight o m ,n 
or <r m +n,p-i-n- If n = then we may conclude further that p is modular of weight 
cr mj o- Assume for the sake of contradiction that p is not modular of weight cr m ,„, 
so that we may assume that n^O, n + e < p — 1, and o- m +n,p-i-ri £ W(p). In 
particular, by Corollarv l5.6l we have a m + n ,p-i-n G W^fjf), and we also know that 
e < p — 1 (because e < p — 1 — n < p — 1). Now, examining the definition of W' (p) 
(Definition [STT]) , we see that we must have 



P\i 



va+x q 
^jin+n+e-x 



for some 1 < x < e. Comparing with the expression above, we see that either 
uj m+x = ut m or uj m + x = Qjm+n+e^ rp^ e ^ rfj ^ p 0SS ^ifity requires x = (mod p — 1), 
a contradiction asl<af<e<p — 1. The second requires x = n + e (mod p — 1), 
which is a contradiction because 1 <x<e<n + e<p— I. The result follows. □ 
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